In all structural models, the section or fiber response is a relation between the strain measures and the stress resultants. This relation can only be expressed in a simple analytical form when the material response is linear elastic. For other, more complex and interesting situations, kinematic and kinetic hypotheses need to be invoked, and a constrained threedimensional constitutive relation has to be employed at every point of the section in order to implement non-linear and dissipative constitutive laws into dimensionally reduced structural models. In this article we explain in which sense reduced constitutive models can be expressed as minimization problems, helping to formulate the global equilibrium as a single optimization problem. Casting the problem this way has implications from the mathematical and numerical points of view, naturally defining error indicators. General purpose solution algorithms for constrained material response, with and without optimization character, are discussed and provided in an open-source library.
Introduction
In linear and nonlinear structural theories (including bars, beams, plates, membranes, shells, etc.), the kinematic definitions and the equilibrium equations need to be closed with a relation between the strain measures and the stress resultants, possibly with time-dependent and dissipative effects. In the simplest situations, often restricted to the linear elastic case, there exists an analytical expression that relates stresses and strain resultants, leading to well-known equations that have been employed for decades in structural analyses (see [1, 2, 3] , for example, among many books fully describing this process).
Structural analyses involving nonlinear elastic or inelastic materials can rarely make use of section response laws and must, therefore, relie directly on three-dimensional constitutive laws evaluated at every point of the cross section. Such an evaluation is complicated due to the fact that every structural theory constrains, from its outset, the kind of strains and stresses that are allowed on the sections. The hypotheses imply that the constitutive response of these material points is constrained and its evaluation is rarely possible by analytical means.
These constrained constitutive laws must provide, given a proper subset of the strain components and knowing that some stress components vanish, the remaining parts of the strain and stress tensors. Numerical methods designed to solve this problem are iterative by nature, since, except for the linear elastic case, the strain-stress relations are often implicit and nonlinear. Standard NewtonRaphson iterative methods -or related ones -have been proposed for this purpose in the past [4, 5, 6, 7] .
Newton-like methods solve the constrained constitutive problem in a fast and robust fashion. By focusing on the nonlinear (and constrained) strain-stress relations, however, they fail to notice that there is an underlying variational structure behind the problem. In this article we reveal the precise meaning of this framework, and identify the form of the energy functional involved. Such a characterization allows to show that the equilibrium problem of structures, even when the section constitutive law is evaluated pointwise from contrained three-dimensional models, has a global variational character.
This assertion has at least three consequences. First, from the theoretical point of view, theorems for the existence of solutions can now be derived based on minimizing sequences and properties of functionals, even in the constrained case. Second, for more pragmatic reasons, numerical optimization methods can be used to solve the global problem and local constitutive relations, for example of nonlinear conjugate gradient type. And third, since a single energy functional is shown to be the quantity to minimize for a given solution, it provides a natural error indicator for Galerkin-type approximations. The first of these three implications falls outside the scope of the current work, but the second and the third point are discussed and exemplified in Sections 4 and 5.
The setting employed for the derivations in this article is that of linearized kinematics and nonlinear materials with internal variables. This framework is general enough to accommodate many problems of interest, and can be extended, in a fairly straightforward manner to include geometrical nonlinearities. Due to the similarities with the small strain case, the details of such generalization are not worked out in this article, although both small and finite strain simulation examples will be provided.
The way that we choose to deal with material nonlinearities, rate and history effects is by means of incremental potentials [8] . With them, a variational structure is preserved even for problems involving plasticity, viscoelasticity, etc., as long as this is interpreted in an incremental fashion. Such ideas, widespread in Computational Mechanics, are extended by our results to structural models of inelastic materials.
The remainder of this article is organized in the following way. In Section 2 we describe structural models in an abstract way that can encompass all types. In this completely general setting, we introduce the connection between the section response and the constrained material constitutive law. The underlying variational setting is discussed in Section 3 by revealing that there is a compatible minimization structure at the level of material point, section, and structural member. In addition to the theoretical advantages of the formulation, as already mentioned, some numerical implications are studied in Section 4 and illustrated by means of examples in Section 5. Section 6 closes the article summarizing the main findings.
As will be detailed in Section 4, we classify two types of methods that can be employed to solve numerically the constrained or reduced constitutive model. The material open-source library MUESLI [9] implements both, and readers can access it to verify the details of the numerical implementation.
2 From structural models to 3D, and back
We explore in this section the relationship between the mechanics of threedimensional solids and structural theories. There are many interesting points of view for this analysis, including asymptotic behavior, model reduction, numerical discretization, etc., but we restrict our exposition to those features that help to explain the central point of this article: how three-dimensional material constitutive laws can be employed to formulate section response relations. We address fully inelastic materials, although we restrict our exposition to linearized kinematics. Extension to the geometrically nonlinear regime follows in a relatively straightforward manner and, in fact, we will employ it in some of the simulations of Section 5.
Abstract structural models
To accommodate all potential structural models in our analysis we present them next in an abstract way. The notation is general enough to encompass bars, rods, plates, etc. and any other model based on structural strain measures and stress resultants. When possible, we will make the connection to specific models, but the goal is to set up a common framework to establish the relation with three-dimensional material models in a single form. We proceed in this line by introducing six crucial elements of every structural theory: i) Geometry The reference configuration of any structural model can be defined geometrically as a product bundle S = M×F, where the set M is referred to as the base manifold and F is the fiber [10] . Both sets are assumed to be smooth manifolds endowed with measures µ(M) and µ(F), respectively. Key to any product manifold, there exist surjective projections π M : S → M and π F : S → F. Any point on the model has coordinates (x, ξ) with x ∈ M and ξ ∈ F. For example, if S is a shell, the base manifold is a two-dimensional (smooth) surface that corresponds to the shell midsurface and the fiber is a segment through the thickness. When S is a rod, the base manifold is a curve and the fiber is now the cross section.
ii) Generalized deformation As in every mechanical theory, structural models start from the definition of a configuration space Q and a deformation χ : M → Q. The configuration space might include the displacements, rotations, drill-free rotations, etc., defined at each point of the base manifold and thus, in general, it might not even be a linear space. There must be a natural embedding of every placement χ(M) on R d , where d = 1, 2, or 3.
iii) Strain measures Depending on the particular geometry of the structural model and the kind of relevant deformations, a set of characteristic strain measures Ω = Ω(χ(x)) must be introduced. This set must be frame invariant and gauge the relative changes in length and angle. For shell models, for instance, the strain measure must include midsurface distortions, transverse shear, and curvatures. Similarly, for a rod model, the strain measure should include axial and shear deformations, as well as bending and torsional strains.
iv) Stored energy An elastic structural model assumes the existence of a fiber stored energy density U = U (Ω; x) such that the total potential energy of the structure is
where V ext is the potential energy of the external forces. The explicit dependency of U on x indicates that the fiber response might be inhomogeneous. The constitutive modeling of the inelastic response is more complex. The fiber stored energy function, in these cases, depends also on a set of frameinvariant fiber internal variables α so that U = U (Ω, α; x) and a supplemental kinetic relation must be provided to model their evolution. The most common case is when a kinetic potential ψ exists, so thaṫ
Again, the kinetic potential might be inhomogeneous and hence depend explicitly on the base point x. Often, it is required that ψ is convex, although not necessarily differentiable, since this is enough to guarantee non-negative dissipation.
v) Stress resultants. Work conjugate to the strain measures, the stress resultant Σ is introduced. For either elastic or inelastic section response, the thermodynamic definition of this resultant is
In the usual structural models, Σ includes the axial and shear forces, and all the moments exerted on the fiber.
vi) Tangent operator. The linearized tensor of elasticitiy is often required in practical calculations. This operator is defined as
Its computation for elastic sections is usually simple, although its extension to nonlinear ones needs to take into consideration the evolution of the internal variables.
Three-dimensional material response
A closed form expression of the fiber stored energy density function U is only known for the simplest cases, and in many problems of interest one must rely on the general three-dimensional theory to calculate the section response. For this reason we briefly summarize the key concepts in the modeling of materials with internal variables, and then its restriction to constrained response. The mechanical state of materials with internal variables is fully described by the strain ε and a collection of internal variables β that model all the inelastic phenomena. Then, the existence of a, possibly inhomogeneous, stored energy function W = W (ε, β; x, ξ) is assumed such that the stress tensor σ is given by the derivative
An evolution equation for the internal variables must be supplied with a kinetic potential φ, for example in the form oḟ
As indicated for the fiber response, the kinetic potential is often selected to be convex in order to guarantee a non-negative dissipation in every possible process.
Linking three-dimensional and structural models
The connection between fiber and three-dimensional material models depends on a kinematic and a kinetic hypotheses. The first one imposes that, given the value of the strain measure Ω at a point x ∈ M, a part of the strain tensor ε on the fiber π
Given that ε = (ε,ε), the kinematic hypothesis of a structural model is a functional expression
This relation expresses the fact thatε is completely known from the strain resultant Ω at the base point x and the position ξ on the fiber. The specific form of such a relation depends, naturally, on the particular model under consideration. Since the stress tensor σ also belongs to S d , it admits the split σ = (σ,σ) ∈ S ×S. The two parts of the stress are defined as
The kinetic hypothesis of a structural model is a constraint of the form
that sets to zero precisely the part of the stress in the space where the strains are not determined by the kinematic hypothesis.
Fiber kinematics Reduced constitutive model Fiber integrals Figure 1 : Logical structure behind the link of three-dimensional material laws and fiber response.
The three-dimensional constitutive equations (6) and (8), together with the constraint (9), set up an implicit mapσ = σ(ε, β; ξ), which we refer to as a reduced constitutive model. Once this relation is established, its tangent relation
can be obtained. In a structural model, the stress resultant Σ at the base point x can be obtained from the integral over the fiber π −1 M (x) of certain functions depending on the fiber coordinate ξ and the reduced stressσ. Denoting this relation as f , but leaving it undefined for the moment, one should be able to write
Figure 1 reveals the structure in the connection between structural and threedimensional constitutive models, as explained above, and whose summary is as follows: in a structural model, when the strain measure Ω is given at a point x ∈ M, the fiber kinematics assumption (7) provides the value ofε at each point of the fiber π −1 M (x). With this information, and using the kinetic constraint (9), the reduced constitutive law provides the stressσ. Finally, the stress resultant can be calculated using Eq. (11).
Variational structure
We show in this section that the constitutive relation of a structural section has a variational structure that encompasses the kinematic and kinetic hypotheses. Such a property allows the formulation of the whole quasistatic problem of equilibrium as a structural problem in the form of a minimization problem, including the section response derived from three-dimensional constitutive theory. When the material response is inelastic, however, such variational statement can only be made incrementally, which in fact is advantageous when searching for numerical approximations. This characterization reveals that descent-type numerical methods can be employed for the solution of general type of structural problems and that the Hessian of the problem must always be symmetric, even in the presence of constraints.
To clearly identify the variational structure behind complex structural problems, we analyze independently the problem at the level of points, fibers, and structure. We show next that we can precisely characterize the variational principle behind each step.
Variational update at the level of three-dimensional constitutive law
A material point with a constitutive relation, be it elastic or inelastic, as described in Section 2.2, can often be associated with an incremental potential that defines its response. To see this, consider first that the solution is obtained incrementally: given the strain ε n and the internal variables β n , respectively, at time t n , and the strain ε n+1 at time t n+1 = t n + ∆t, the stress at this instant can be obtained as
where W n is an effective stored energy function that depends on the state (ε n , β n ). This kind of effective potentials, giving rise to so-called variational updates, are standard, and we refer to existing articles for their precise definition (cf. [11, 8, 12, 13] , among others).
Variational form of the reduced constitutive model
In Section 2.3, we defined a reduced constitutive model as one relating the strainsε, the internal variables β, and the stressσ, that satisfies the constraint σ = 0. We show next that for any three-dimensional material model, and any value ofε andσ (the latter not necessarily equal to zero), we can describe the problem of findingσ andε within a variational framework.
In what follows, we consider elastic and inelastic material models and we assume that the constitutive model has an (incrementally) variational basis, as described in Section 3.1. Within this setting, the key aspect of the reduced model is defining a map (ε n+1 ,σ n+1 ) →ε n+1 (13) that is consistent with the three-dimensional constitutive law. Once the full strain (ε n+1 ,ε n+1 ) is known, the calculation of the stored energy, stress, and tangent elasticities is trivial. The sought map is characterized variationally by the optimization problem
which has a unique solution, provided W n is a convex function of its second argument. Assuming W n is differentiable, the solution to Eq. (14) is dictated by the optimality condition
which is precisely the required implicit map (13) . Interestingly, the function
is the Legendre transform of the incremental stored energy function W n (ε,ε; x, ξ) with respect to its second argument. Hence, by the properties of this transform, the solution to the update map (13) can be written in closed form as
A closed-form expression ofε n+1 relies on an explicit calculation of the dual W * n , which might not be possible in many cases.
Irrespective of whether an analytical expression exists for W * n or not, the reduced constitutive relations can always be written as
In these two expressions, the stressσ n+1 plays the role of a parameter and in all cases of interest it is equal to 0. Hence, and for future reference, we define the incremental reduced stored energy density to bē
Variational form of the section response
The stored energy U was defined in Section 2 for any structural member as a function of the section strain Ω and the section internal variables α. Linking the section response with the three-dimensional material law, as described in Section 2.3, the energy U n can be defined as
whereε itself is a function of the strain Ω and the fiber coordinate, as in Eq. (7). The stress resultant Σ can be obtained using Eq. (3) from the section potential, giving:
In the previous identities we have employed the definition of the stress presented in Eq. (18) . Comparing this result with the definition (11) we identify the function f in the latter equation with the relation
Global variational problem
The previous results enable us to write the global equilibrium problem of a structural model, including the reduced constitutive model, as a single minimization problem. The generalized displacement of the structure is the one solving the problem
with U n being the section incremental potential, defined in Eq. (20) .
Solution of the reduced constitutive equations
The structural models described in this article can employ arbitrary (small strain) material models making use of incremental updates and setting the problem statement under a single variational framework. Key to this unified formulation is the identification of the reduced effective stored energy function W n that accounts for the kinetic constraints. As explained in Section 2, the reduced constitutive model consists of finding part of the stress and the strain tensors at a point, given the remaining components of these two objects. For inelastic problems written in an incremental fashion, the crucial step is the determination ofε n+1 givenε n+1 and the relation
where the coordinates x and ξ are known.
The most obvious strategy to findε n+1 consists in solving directly the (possibly nonlinear) Eq. (24) . A Newton-Raphson or quasi-Newton scheme seems the most appropriate route in this case, since the rate of convergence is high, as long as the radius of convergence in this problem is large enough and the computation of the Hessian of W n is not too cumbersome or computationally demanding.
A second option to obtainε n+1 exploits the underlying variational nature behind Eq. (24) . As explained in Section 3.2, the unknown part of the strain can also be characterized bỹ
This expression indicates that the strainε n+1 can also be found by minimizing the incremental stored energy function with respect to some of its arguments. Hence, descent methods, such as the nonlinear conjugate gradient, can be used to solve the reduced constitutive model in an effective way, without the need for computing the Hessian, and with guaranteed convergence if W n is convex. Both approaches for the solution of the reduced constitutive law, namely the Newton-Raphson and the descent methods, are available, for a large number of common material laws, in the open-source library MUESLI [9] .
Numerical examples
We examine next several numerical examples involving bars, beams, and shells combined with various three-dimensional constitutive laws. The purpose of these simulations is, first, to demonstrate that the two solution strategies outlined in Section 4 are both valid routes for the integration of the section response for complex material models. Second, we will show that the variational structure behind the constitutive response of reduced models opens the door to error indicators.
In all problems the material library MUESLI [9] is used for computation of the constitutive response of the corresponding reduced model. In the case of bars, the conditionσ = (S 12 , S 13 , S 22 , S 23 , S 33 ) = 0 is considered by the solution algorithms presented in Section 4. In the case of beams, the constraint take the formσ = (S 22 , S 23 , S 33 ) = 0. In the case of shells, the conditionσ = (S 33 ) = 0 is incorporated, where S 33 is the transverse normal stress component of the second Piola-Kirchhoff stress tensor S.
Bar problem
This first example consists of a simple plane truss under finite strain hypothesis. The structure consists of two connected bars of equal length l 0 = √ 2 and section A = 10 −2 , pinned at their ends (see Fig. 2 ). The pinned nodes have Cartesian coordinates (0.0, 0.0) and (2.0, 0.0). In the central node, a horizontal force F = 5 · 10 6 is applied. The material of the bars is elasto-plastic with Young's modulus E = 210 · 10 9 , Poisson's ratio ν = 0.3, a von Mises yield function with yield stress σ e = 230 · 10 6 and isotropic hardening modulus H = 4 · 10 9 . Since the deformation of the cross section is uniform, only one quadrature point is chosen on it to evaluate the section response.
This simple problem allows to demonstrate the use of a non-linear conjugate gradient (NLCG) method to solve both the global problem and the local constitutive relations, and compare it with the solution obtained with a Newton- Raphson solver, both at the global and local levels. Figure 3 shows the axial force vs elongation, = l−l0 l0 , in the bar that is under tension. As expected, both methods give the same result, and we note that the NLCG never requires the computation of a tangent operator.
Beam problem
In the second example we study the response of a beam with the shape of a decagon, see Figure 4 , under the small strain hypothesis. The beam axis lies in the xy-plane and the circumscribed circle radius is r. The cross section at one of the nodes is clamped. The cross section at the third vertex of the decagon, counting form the clamped one, is subject to an imposed displacement u = δ(i+j +k), where the vectors (i, j, k) refer to the canonical basis. The cross section of the beam is rectangular with sides a and b. The side with dimension a is parallel to the xy plane, and the side with dimension b is perpendicular to the first one and to the tangent direction of the beam. The material of the beam is elasto-plastic with Young's modulus E, Poisson's ratio ν, a von Mises yield function of yield stress σ e and isotropic hardening modulus H. Under these conditions, the beam is subjected to axial, shear, bending, and torsion deformations.
For the numerical example we select r = 0.5, δ = 5.0 · 10 −3 , E = 210 · Figure 6 : Effective energy vs number of elements (left) and Relative energy error vs number of elements (right) for the homogeneous and adaptive mesh refinement strategies. 10 9 , ν = 0.3, σ e = 200 · 10 6 , H = 10 · 10 9 and the beam is discretized with two-node elements with independent displacement and rotation interpolation, and selective reduced integration for the shear terms. An 8 × 8 quadrature rule is chosen for the section constitutive response. Figure 5 shows the values of the displacements on the deformed shape of the beam when a mesh of 10 elements is employed.
In order to improve the solution, we refine the mesh homogeneously. Figure 6 (left) shows the value of the global effective potential as a function of the number of elements in the mesh (in dashed blue line). As this number increases, the effective potential is reduced, converging to an asymptotic value, the "distance" to which can serve as an indicator of the accuracy of the solution.
The local value of the effective potential can be used as an indicator for local mesh refinement. In a second solution, we proceed to refine the mesh by halving those beam elements that contribute most to the global value of the effective potential. For that, we proceed as in [14] , studying the addition of a new node locally. For each element in the original mesh, we compare the energy obtained in the latest refinement with the one obtained in a local problem that results from halving the element and imposing the displacements and rotations of the latest calculation in the boundary nodes. Then, we subdivide the element if this energy difference is larger than the global average, hence searching for a more regular distribution of the effective potential energy density. Figure 6 (left) depicts the value of the total effective energy as a function of the number of elements refined in this anisotropic fashion (solid orange line). In Figure 6 (right) the relative energy error as a function of the number of elements for both refinement strategies is depicted. When compared with the homogeneous refinement, it follows that the locally refined mesh approximates faster the exact solution than the globally refined one. This, in turn, justifies the consideration of the effective potential energy as a valid error indicator. Figure 7 shows the efective potential energy per element in four consecutive local refinements, with the element size can be deduced from the abscissae. 
Pinched cylinder
Next we consider two shell problems. Both are solved using a primal isogeometric Kirchhoff-Love shell formulation with numerical integration through the shell's thickness, as presented in [15] . The shell formulation employed uses stresses, rather than stress resultants, which is in contrast to most shell formulations found in literature. However, the resulting formulation provides practically identical results as the formulations presented in [16] and [17] , where the initial isogeometric Kirchhoff-Love shell formulation [18] , which was based analytical preintegration, was reformulated in terms of a numerical integration through the thickness of the shell body. All discretizations contain at least quadratic, C 1 -continuous NURBS shape functions within a patch. In the shell's in-plane directions, we use a "full" integration scheme with p + 1 Gauss points, where p is the polynomial degree of the shape functions. The number of integration points in the thickness direction is variable, but chosen to be equal to three for the presented examples.
As first shell problem, we study the pinching of a cylinder employing a hyperelastic material model, i. e. a compressible Neo-Hooke material with Young's modulus of E = 168000 N/mm 2 and Poisson's ratio of ν = 0.4. The problem setup for a very thick (slenderness R/t = 4.5) and a moderately thin cylinder (slenderness R/t = 45) was first proposed by [19] and subsequently studied by variuos researchers, see for instance [20, 21] . All the articles mentioned consider three-dimensional or solid shell formulations making use of fully threedimensional constitutive laws. Here, we only consider the thin case, since a thin shell formulation of Kirchhoff-Love type is used, as it was done in [16] . For the sake of comparability, we use a discretization of the shell problem in accordance with [16] , i. e. we use a fourth order, C 3 -continuous discretization with 32 × 12 elements for modeling the whole cylinder, see Figure 8 . In [16] , one half of the cylinder was modeled with corresponding application of symmetry boundary conditions. With a slight difference, we instead model the whole cylinder with four patches consisting of 8 × 12 elements each, coupled with the bending strip method from [22] , where a penalty parameter has to be chosen.
The simulation is performed by controlling the vertical displacement v z,A at point A in 16 steps of ∆v z,A = −10 mm. For the maximum displacement v max z,A = −160 mm the resulting force F max is measured and compared to values obtained in literature. For penalty parameters of 10 2 and 10 3 we obtain the resulting forces F max = 34.72 kN and F max = 34.77 kN, respectively. For higher penalty parameters the convergence properties get worse. In [16] , a value of F max = 34.86 kN was reported, whereas the results obtained with three-dimensional or solid shell formulations vary from F max = 34.59 kN to F max = 35.47 kN, as reported in [21] . Our obtained results are consequently in good agreement with the results from the literature.
Simply supported plate
The second shell problem consists of a simply supported plate with a large strain plastic material, i. e. perfect J 2 -plasticity with Young's modulus E = 6.9· 10 4 N/mm 2 , Poisson's ratio ν = 0.3 and yield stress σ y = 248 N/mm 2 . As shown in Figure 9 , the quadratic plate has a side length of L = 508 mm and a thickness of t = 2.54 mm, resulting in a slenderness ratio of L/t = 200. All edges of the plate are simply supported in z-direction and the plate is subjected to a uniform dead load of q z = 0.01 N/mm 2 . The plate problem with this type of loading can be found in several references, see for instance [19, 23, 24, 25, 26, 21] . Although symmetry may be taken into account, we model the whole plate structure and discretize it with six different, uniform and nonuniform (NU) refined meshes using quadratic, C 1 -continuous B-splines. The meshes employed are shown in Figure 10 and consist of 25 × 25, 31 × 31, and 37 × 37 elements, respectively. In all cases, three Gauss points through the thickness are used, since there is only a marginal change in the results when changing the number of Gauss points in the thickness direction, for example to five. This observation matches the one made in [21] , where five Gauss points through the thickness have been used for a trilinear solid shell finite element, although the results did not sinificantly differ compared to the solution with two Gauss points in the shell's thickness direction.
All simulations are performed with load control, using increments of different magnitude. We start with ten increments of ∆λ = 0.2, followed by ten increments of of ∆λ = 0.8. Between λ = 10 and λ = 20, we use 50 increments of ∆λ = 0.2, followed by 50 increments of ∆λ = 0.8, until the maximum load level of 50 increments of λ = 60 is reached. More efficient time stepping schemes are not within the scope of this paper. The load-displacement curves obtained are plotted in Figure 11 and compared with the results obtained in [21] with a 64 × 64 uniform finite element mesh. The uniform 25 × 25 and 31 × 31 meshes behave too stiff in a large portion of the load-displacment diagram, whereas the uniform 37 × 37 element mesh is only slightly too stiff. The effective stored energy density distribution for the uniform 25 × 25 mesh is shown in Figure 12 for two different load levels of λ = 10 and λ = 20. The plots directly suggest a mesh refinement in the corner regions, for which the three NU meshes try to account for. The results for the 25 × 25 NU and 31 × 31 NU meshes are slightly too stiff towards the maximum load level, probably because of a too coarse mesh size at the tip of the plastic fold lines. The finest mesh with 37 × 37 elements produces results in good agreement with the results obtained in [21] . The curves practically match each other, except of a slight difference in the region between approximately λ = 10 to λ = 15. 
Summary and outlook
Structural models employing complex material models (inelastic, rate-dependent, etc.) require the solution of constrained three-dimensional material constitutive laws for the evaluation of their section response. This article starts by describing in an abstract way how these two problems are linked in an arbitrary structural model.
The main result of this work is the identification of a variational setting behind the problem of general structural models, encompassing three-dimensional laws, both elastic and inelastic. Starting from a new result that identifies the minimization problem behind every constrained three-dimensional constitutive relation, and based on the abstract framework described first, we have revealed that there is a single optimization program to be solved when analyzing general structural models with complex materials.
This result has several consequences: from the theoretical point of view it sets the stage for fundamental analyses including the existence of solutions, an aspect that is beyond this work's goals. From the computational side, it guarantees the symmetry of the Hessian and points towards (descend) iterative methods for the solution of these problems that have not been identified previously in the literature. Furthermore, the effective potential that is the basis for the solution provides an intrinsic error indicator for a general class of structural models, including geometric and material nonlinearities. This is a remarkable result, and the first of its class to the authors' knowledge, illustrating how the variational framework bridges the mechanics of three-dimensional and reduced models.
Numerical methods, implemented in a publicly available library of material models, show the validity of the approach and illustrate the possibilities of mesh adaptation based on the new error indicator.
